We study a classical model of gravitation in which a self interacting scalar field is coupled to gravity with the metric undergoing a continuous signature transition. We show that by appropriate duality transformations on the parameters of the scalar field potential one obtains dual signature changing classical solutions for the Einstein field equations. These dual classical solutions correspond to the same quantum cosmology. This suggests that, if the solutions of the Wheeler-DeWitt equation are assumed to be more primitive than the classical solutions, we may arrange for a reasonable jump of dual classical solutions passing through the signature changing hypersurface, provided we introduce a distribution of such dual potentials over Euclidean and Lorentzian regions. This may serve as an alternative scenario for the quantum creation of the Lorentzian universe in which the quantum jumps of dual signature changing classical solutions may play the role of a finite inflation, accompanied by phase transitions, in the early universe. A solution for the cosmological constant problem is proposed based on the self-duality of quantum cosmology. *
Introduction
The initial idea of signature change is due to Hartle and Hawking [1] . This idea makes it possible to have both Euclidean and Lorentzian metrics in the path integral approach to quantum gravity. It was later shown that signature change may happen even in classical general relativity [2] - [5] . More recently, the people have studied this issue in the Brane-World scenario, as well [6] . From a classical point of view, the signature change may prevent the occurrence of singularities in general relativity, such as the Big Bang, which may be replaced by a compact Euclidean domain prior to the birth of time in the Lorentzian domain, the socalled no-boundary proposal [1] . Alternatively, the classical signature change scenario may be an effective classical description of the quantum tunnelling approach for the creation of Lorentzian universe [7] .
In general, there are two different approaches to the issue of classical signature change: continuous and discontinuous. In the continuous approach, passing from Euclidean to Lorentzian domain, the signature of metric changes continuously, hence the metric becomes degenerate at the transition hypersurface. In the discontinuous approach however, the metric is nondegenerate everywhere and discontinuous at the transition hypersurface.
In the present work, the model adopted by Dereli and Tucker is studied [4] in which a self interacting scalar field is coupled to gravity. In this model, Einstein field equations are solved such that the scalar field and the scale factor are considered as dynamical variables, giving rise to cosmological solutions with degenerate metrics describing continuous transition from Euclidean to Lorentzian domains. The quantum cosmological version of this model is also used to derive the wavefunction of the universe by solving the corresponding WheelerDeWitt equation [8] . The Wheeler-DeWitt equation is obtained by adopting a new choice of variables, through which Einstein classical equations of motion arise from an anisotropic constrained oscillator-ghost-oscillator Hamiltonian. A family of Hilbert subspaces are then derived in which states are identified with non dispersive wave packets which remarkably peak in the vicinity of classical loci with parameterizations corresponding to metric solutions of Einstein equations that admit a continuous signature transition [8] .
In this work, we have followed the proposition of Dereli and Tucker that: the scalar field potential may deserve further scrutiny [4] . We have paid attention to duality type transformations on the parameters of the scalar field potential such that the classical cosmology transforms to its dual, but the quantum cosmology remains unchanged.
Since our duality transformations do not affect the results in [8] , then a remarkable correspondence will exist, as well, between our self dual quantum cosmology and the dual classical cosmologies. This motivates the definition of a potential distribution over the entire manifold such that Euclidean and Lorentzian parts are endowed by dual potentials. Therefore, according to the above correspondence between classical and quantum cosmology, the dual classical cosmologies are indistinguishable at the quantum level and jumping from one solution in the Euclidean part to its dual in the Lorentzian part is consistent with the quantum cosmology. This scenario for the quantum creation of the Lorentzian universe may be regarded as an alternative to the quantum tunnelling one, with the advantage that the jump of classical solutions may play the role of a finite inflation. In other words, unlike the other models where the eternal inflation starts right after the quantum tunnelling, the inflation ( jump ) in this model is not eternal and already included in the quantum creation of the Lorentzian universe. Moreover, a plausible solution for the cosmological constant problem is proposed.
Dual classical solutions
We consider the Einstein-Hilbert action
where R is the scalar curvature,
is the real scalar field Lagrangian and φ is assumed to be a homogeneous field which depends merely on the time parameter. We take the chart {β, x 1 , x 2 , x 3 } and parameterize the metric as [4] 
where
is the scale factor with k = {−1, 0, 1} representing open, flat or closed universes and β is the lapse function producing the hypersurface of signature change at β = 0. For β > 0, the cosmic time can be written as t = 2 3 β 3/2 . The scalar curvature R is given by
where the units are taken such that 3πG = 1. By the transformations [4]
where −∞ < φ < +∞, 0 ≤ R < ∞ and α 2 = 3 8
, the corresponding effective Lagrangian is obtained
We know from the (3+1) decomposition of the Einstein theory of gravity, that the Hamiltonian H corresponding to L, must vanish identically leading to a zero energy condition to be imposed on the solutions of the Einstein field equations. Concentrating on cosmologies with k = 0, we obtain
and
Now, we take the potential as [9] 
where a 1 , a 2 and b are assumed to be dimensionless constant parameters 2 . This particular choice for the potential 3 will lead to the desired duality transformations as follows. Variation of the action with respect to the dynamical variables X and Y gives the dynamical equations
Writing the potential in terms of the physical parameters λ and m 2 we obtain [4]
where 
) when |2b/m 2 | < 1 and we will interpret this minimum as the effective cosmological constant
Equations (10) are subjected to the zero energy conditioṅ
One may then define the normal modes α = S −1 ξ where
which diagonalize the matrix M as follows
The zero energy condition then reads aṡ
where J = S T JS and I = S T JMS. Evaluating this condition at t = 0 by choosingα(0) = 0 4 , leads to α
The normal mode solutions are then obtained [4] 
where A ± are the roots of the following equation
The normal modes u v , with zero energy condition (18), for λ + , λ − < 0 lead to the following classical loci [8] 
where r =
, 0 < r < 1, ǫ = ±1 indicates two ways of satisfying the constraint H = 0, and λ ± are the eigenvalues of the decoupling matrix given by
An interesting feature of this model is that one can find a class of transformations on the space of parameters {a 1 , a 2 , b} leaving the eigenvalues λ ± of the decoupling matrix invariant [9] . These transformations can be written as
In terms of the physical parameters λ, m 2 and b, the eigenvalues are
It is seen that although the classical loci (19) do not change under (21), the corresponding solutions R(β) and φ(β) change, since X(β) and Y (β) are related to u(β) and v(β) by the decoupling matrix which is changed under (21). In terms of the physical parameters, the transformations (21) can be written as
Therefore, if we define (23) as duality transformations, then we have two sets of solutions for R(β) and φ(β) corresponding to dual sets of physical parameters. We interpret the new parameters as dual bare cosmological constant, dual mass square and dual coupling constant, respectively. The behavior of the physical parameters under the duality transformations merits some discussion. As is discussed in [4] , in order to have signature transition from Euclidean to Lorentzian, both eigenvalues λ ± must be negative and equation (22) gives
but does not guarantee that the dual potential has also a minimum and a positive mass square. In order the dual potential has these features, as well, we take
If we now choose the set of suitably small couplings {λ, m 2 , b}
with b ≪ m 2 , then | 2b/m 2 |< 1 and the potential U will have a minimum. The dual transformations map the small values of λ, m 2 and b to very large values of the corresponding dual parameters,λ,m 2 andb. Fortunately, the large values forb andm 2 satisfy | 2b/m 2 |< 1 so that we have a minimum forŨ , as well [9] . It then follows that two different classical cosmologies, one with very small values for the bare cosmological constant, mass scale and coupling constant and the other with large ones, exhibit the same signature dynamics on the configuration space (u, v).
Alternative dual classical cosmologies are also obtained by setting a 2 = 0. One can show that in this case the required duality transformations are
so that the eigenvalues on the negative cosmological constants 5 . The reality of eigenvalues λ ± imposes the relation 4(1 + b 2 ) < (2α 2 λ + (2α 2 λ) −1 ) 2 and puts a limit on the parameter b in terms of λ. Here, again we have duality type transformations on the parameters λ, m 2 and b such that the solutions on the (R, φ) configuration space are changed, while the solutions on the (u, v) configuration space remain unchanged. The only difference is that in the a 2 = 0 case we have a minimum for the potential U but not for its dualŨ , sincem 2 < 0.
Quantum cosmology
We have shown, in this model, that it is possible to find dual classical cosmologies on the (R, φ) configuration space corresponding to the same classical cosmology defined on the (u, v) configuration space. On the other hand, it was shown that [8] the Wheeler-Dewitt equation for this model in the mini-superspace (u, v) is
where ω
It has oscillator-ghost-oscillator solutions belonging to the Hilbert space
with m 1 , m 2 ≥ 0 and c l ∈ C. The basis solutions Φ
with normalized solutions α n (u) = (
where H n (x) are Hermit polynomials. To obtain these solutions we need a quantization condition [8] 
which is imposed on the parameters of the scalar field potential. For a given pair of (m 1 , m 2 ) it is shown [8] by graphical analysis that the absolute value of these solutions have maxima in the vicinity of classical loci (19) on the (u, v) configuration space which can exhibit a signature transition. This correspondence between classical loci and quantum cosmological prediction is considerably interesting. In the previous section, we have shown that there are duality type transformations on the parameters of a given scalar field potential, giving rise to a dual potential, such that the solutions of the field equations on the (R, φ) configuration space transform to the dual solutions (R,φ), while the solutions on the (u, v) configuration space are self dual. Applying the quantum cosmology discussed above to this picture turns out that for any pair of (m 1 , m 2 ) defining a distinct quantum cosmology in terms of the variables (u, v), we may correspond dual classical solutions (R, φ) and (R,φ), admitting signature transition from Euclidean to Lorentzian space-time. This is because, the two sets of dual classical solutions (R, φ) and (R,φ) have the same quantum cosmology which is concentrated on both of them over the configuration space (u, v).
Distributional classical solutions
Now, we consider a manifold with a distribution of the dual potentials U andŨ . Suppose we have a distribution [13] 
where U + ≡ U, U − ≡Ũ and Θ + , Θ − are Heaviside distributions with support in regions β > 0 (Lorentzian), and β < 0 (Euclidean) respectively, such that
where δ is the hypersurface Dirac distribution with support on hypersurface β = 0. At the transition hypersurface β = 0 we assume that the potential is regularly discontinuous
This assumption is valid if λ = 0, otherwise we will have a divergingŨ . In general, such a manifold is not expected to yield continuous solutions for the scale factor and the scalar field passing through the transition hypersurface β = 0, and we obtain distributional solutions
with regularly discontinuous scale factor and scalar field
But, we expect smooth continuous solutions on the (u, v) configuration space without any distributions, namely
as a consequence of self duality of the solutions on the (u, v) configuration space. The relevance of this classical model manifests when quantum cosmology comes in to play the role. We have already seen that given two disjoint Lorentzian and Euclidean regions with potentials U andŨ defined over them, respectively, there are classical solutions (R(β), φ(β)) on the former and (R(β),φ(β)) on the later one, both of them corresponding to the same quantum cosmology in (u, v) mini-superspace. So, we expect that a same quantum cosmology, in the (u, v) mini-superspace, is corresponded to the manifold defined by (34) together with the corresponding classical solutions (37) and (38). This is because, as a result of (40), joining these two pieces of disjoint regions endowed by U andŨ does not disturb the same quantum cosmology associated with each of them. In other words, this quantum cosmology corresponds to dual classical solutions (R(β), φ(β)) and (R(β),φ(β)) which can not be distinguished at the quantum level and no one of them is preferred to the other one. Hence, it is no matter to have one set of classical solutions in Lorentzian region and the dual set in Euclidean one. Therefore, following the idea in regarding the Wheeler-Dewitt solutions more primitive than the classical solutions of Einstein equations 7 , we may suggest that to the extent, we are concerned with quantum cosmology considered here, the distributions (37), (38) as combinations of dual classical cosmologies are also expected to be the allowed predictions. Hence, one can say that the continuity condition of the classical fields R(β) and φ(β) in passing through the transition hypersurface β = 0 may be relaxed if one concentrate on the good correspondence between quantum cosmology and dual classical solutions in this model. These possible jumps of R(β) and φ(β) are to be interpreted as quantum effects, since they are just allowed when quantum cosmology is presented.
Quantum scenario for the creation of Lorentzian universe
In the previous section, we have shown that distributional classical solutions with regular jumps at the hypersurface of signature change may be allowed as the classical prediction of quantum cosmology under consideration. One should then interpret these jumps of classical solutions as quantum cosmological effects. According to the scenario for creation of the universe from nothing, we know that the universe with a finite size of Planck length might have been emerged suddenly, through a quantum tunnelling effect, from a universe with zero size (nothing) [7] . This sudden creation of the finite size from zero size universe may be regarded as an example of jumps, in the classical solutions of the Einstein equations, which are allowed according to quantum ( tunnelling ) considerations. Therefore, one may interpret the jumps in the classical solutions (37) and (38) as an alternative scenario for the quantum creation of the Lorentzian universe [7] . Considering Eqs. (17), (18) together with ξ = Sα and the inverse transformations
7 A similar idea was followed by Hawking and Page, investigating the wormholes [11] 
one may find that the set of parameters
may lead to a very small scale factor in the Euclidean domain and a finite scale factor in the Lorentzian one [9] . In the same way, these parameters map a rather large |φ| in the Euclidean domain to the small |φ| in the Lorentzian domain 8 . Like the quantum tunnelling scenario [7] in which the Lorentzian universe pops out from zero size ( nothing ) to the Planck size, through a Euclidean instanton solution, the universe in this scenario is born at zero size in the Euclidean domain and evolve to a very small size ( presumably the Planck size ), approaching the end of Euclidean domain at β → 0 − . However, this Planck size new born universe at the end of Euclidean domain may jump to a finite size in the beginning of the Lorentzian domain at β → 0 + . This may remind us the standard inflationary scenario where the universe ( after quantum tunnelling ) is exponentially expanded from the Planck size to a finite size in a very short period of time, provided we interpret the jump of R as the inflationary phase, and the interval ∆β = [β → 0 + − β → 0 − ] as the short period of time for the occurrence of inflation and phase transitions ( see below ). Therefore, in this scenario the jump ( inflation ) might have been occurred during the signature transition. The advantage of this scenario is that there is no graceful exit problem since the universe does not inflate eternally and the inflation ( jump ) stops in the beginning of the Lorentzian domain, where the standard model is then applied.
Cosmological constant problem
The experimental upper bound on the value of effective cosmological constant is extremely small and people would like to understand why the cosmological constant has this extremely small value. It is usually assumed that the effective cosmological constant describes the energy density of the vacuum and is the same every where. In fact, the vacuum energy density < ρ vac > is equivalent to a contribution to the effective cosmological constant in Einstein equations
where λ is the bare cosmological constant which itself leads to a curvature of empty space. It then follows that, all contributions of the quantum fields to the QFT vacuum energy density will enormously affect the value of effective cosmological constant. Here, there is a severe fine-tuning problem, since the virtual quantum fluctuations giving rise to < ρ vac > must be cancelled by a huge constant λ to an unbelievable degree of accuracy. We know that as long as one is ignoring gravity, one can add any constant to the definition of energy density without changing the predictions for anything we can experimentally measure. This is because, without measuring the curvature of space-time one can only measure energy differences. However, general relativity is sensitive to an absolute value of vacuum energy and adding a huge arbitrary constant to it will enormously curve the space-time beyond recognition.
On the other hand, many of the QFT contributions may change with time during different phase transitions like GUT or electroweak phase transitions. This implies a hierarchy of different cosmological constants, one for each phase of the vacuum state. For example, a change in the effective cosmological constant during the GUT phase transition is necessary from the viewpoint of inflation models. Even, if we could somehow put Λ ef f ≃ 0 before phase transitions, we would still have new contributions to the effective cosmological constant due to symmetry breaking, giving rise to a huge Λ ef f at the present day energy scales.
From this point of view it is very interesting to introduce a mechanism to guarantee the vanishing of the effective cosmological constant today, and before phase transitions.
In the present paper, it is easily shown that Λ ef f =Λ ef f [9] which means the effective cosmological constant is invariant under the jump from (R,φ) to (R, φ) ( orŨ to U ). If we assume that this quantum jump ( during a tiny fraction of a second ) supports all phase transitions, including a short inflation, in the early universe then we have a mechanism based on quantum cosmology leading to a same value for Λ ef f before and after phase transitions, and avoiding the hierarchy problem discussed above. It is then left to fine-tune this value to the present upper bound on Λ ef f .
The effective cosmological constant is invariant under the duality transformations (23). This invariance may be important concerning the fine-tuning in the cosmological constant problem where a large bare cosmological constant is introduced into the theory so that cancels out the large contribution of quantum field theory. But, this fine-tuning affects enormously the curvature of space-time which is beyond the observation.
In the present model, we have two sets of parameters {λ, m 2 , b}, {λ,m 2 ,b} leading to Λ ef f = Λ ef f . Since we do care about the effective cosmological constant ( which one can measure directly ), we have freedom to choose one set of above parameters to do fine-tuning. This means, instead of fine-tuning a large bare cosmological constantλ, and large QFT contributions In this way, the small bare cosmological constant λ will never enormously affect the present curvature of space-time and the effective cosmological constant will be fine-tuned to a small valueΛ ef f = Λ ef f = Λ 0 , where the constant Λ 0 is set by the present upper bound on the observed cosmological constant. Note that we have just introduced a solution to the fine-tuning problem and we still face the cosmological constant problem that: why the invariant Λ 0 is so small.
If we assume the duality invariance in this model as a fundamental symmetry and consider the invariant Λ 0 to be a constant of nature like c ( a Lorentz invariant ) andh ( a wave-particle invariant ), one may answer to this question resorting to the anthropic principle. A common idea about the constants of nature is that they define asymptotic states. Thus, c is the maximum velocity of a massive particle moving in flat space-time; G defines the limiting potential for a mass that does not lead to a black hole in curved space-time andh defines a minimum amount of energy or angular momentum. In this regard, one may think that Λ 0 defines the maximum expansion rate of the universe above which the intelligent observers can not exist.
Fortunately, in this model, there is a relation between Λ 0 and the development of life in the present era. The extent of jump in the scale factor and the scalar field depends on the extent of jumps from the parameters λ, m 2 , and b to their dual values. On the other hand, due to the duality relations between the two sets of parameters {λ, m 2 , b}, {λ,m 2 ,b} the extent of jumps in these parameters depend on the values {λ, m 2 , b}. Therefore, the jump of the scale factor or the scalar field depends on {λ, m 2 , b}. In this regard, assuming the small values for these parameters, one may think that the suitable rate of jump ( inflation ) leading to the present intelligent observers, is set by the small effective cosmological constantΛ ef f = Λ ef f ≃ 0, at the Euclidean quantum gravity era.
Conclusion
We have shown that in the context of signature transition in classical and quantum cosmology based on the models proposed by Dereli et al, one may find a set of duality transformations on the parameters of the scalar field potential such that the classical solutions are transformed to their dual solutions, while the corresponding quantum cosmology remains unchanged and peaks equally on the two dual classical solutions. In this respect, we call this model: a quantum cosmology with dual classical correspondence. Moreover, by partitioning the manifold into two disjoint Lorentzian and Euclidean regions and putting a distribution of dual potentials on these regions, distributional solutions are also expected to be the allowed classical predictions, admitting the signature transition. This makes sense as long as we concentrate on the quantum cosmology assuming that the solutions of Wheeler-Dewitt equation are more primitive than the solutions of classical field equations. It becomes possible to choose a suitable set of potential's parameters so that the scale factor jumps from very small size in the Euclidean region to a rather large size in the Lorentzian one. In the same time, the scalar field jumps from large value in the Euclidean region to a rather small value in the Lorentzian one. One may interpret these solutions as an alternative to the quantum tunnelling scenario with the advantages that 1) unlike the quantum tunnelling scenario which applies for a closed universe ( k = 1 ), this scenario works for a flat universe ( k = 0 ) which is believed to be the case, according to the recent distant observations, 2) the jumps of the scale factor and the scalar field may play the role of a finite inflation which is supported by the quantum cosmology.
The extent of jump in the scale factor and the scalar field depends on the parameters {λ, m 2 , b}. Therefore, assuming the small values for these parameters, it is possible that the rate of jump ( inflation ) is set by the small effective cosmological constantΛ ef f = Λ ef f = λ+ m 2 4α 2 1 − 4b 2 m 4 − 1 ≃ 0, at the Euclidean quantum gravity era. On the other hand, the finetuning problem is somehow solved in this model due to the duality invariance of the effective cosmological constant which may have its origin in the self-duality of the quantum cosmology. Therefore, one may think that the self-dual quantum cosmology supports the fine-tuning which through the small scale -large scale duality, namely ( before inflation -after inflation) duality leads to a small effective cosmological constant, before inflation and today. In other words, the self-dual quantum cosmology predicts a small effective cosmological constant, before inflation and today.
The jump in the scalar field also deserves further scrutiny. The Euclidean set of large parameters {λ,m 2 ,b} give rise to a large potentialŨ (φ) in comparison to U(φ) in terms of the Lorentzian set of small parameters {λ, m 2 , b}. Therefore, the jump of scalar field at the transition hypersurface β = 0 means a jump from the huge potentialŨ (φ) to the small one U(φ). This jump may be regarded as a big phase transition which coincide with the signature transition. The huge energy which is released during this phase transition may be converted into the creation of particles which seems consistent with signature change, as well [13] . The new particles rapidly come to thermal equilibrium, resulting in a huge temperature, after which the standard hot Big Bang scenario starts in the Lorentzian region. The small parameters {λ, m 2 , b} in the Lorentzian region results in a flat potential. On the other hand, the minimum of the potential U(φ) occurs at the negative value φ = − 1 2α tanh −1 ( 2b m 2 ) ≪ 0. According to the signature dynamics however, the negative φ ≪ 0 is realized in the Lorentzian region at β ≫ 0, which means the minimum of the potential is realized at β ≫ 0. Therefore, after phase transition at β = 0 the scalar field rolls down to its minimum at β ≫ 0 very slowly due to the flat potential and releases its energy into the universe at a small rate. The release of energy corresponds to the increase of the entropy which may define the direction of time β through the evolution of φ(β) in the Lorentzian region. In other words, the direction of time β is so chosen that leads the scalar field to approach the minimum at β ≫ 0, in the Lorentzian region.
In conclusion, we have shown in this model that the quantum cosmology may provide a mechanism by which the baby Euclidean quantum gravity era can jump ( inflate ) to a Lorentzian hot Big Bang universe, without the graceful exit and cosmological constant problem.
